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1. N§i dung bai viét

Trong ky thi vo dich toan ctia nwéc Anh nam 1986 c6 mot bai toan bat dang
thite kha tha vi sau day

Bai Toan 1. Véi a,b,c la ba sd"thiec théa man dong thoi cdc diéu kién sau day
a+b+c=0
a’+b’>+c*=6
Ching minh bat diing thitc a’b + b’ +c%a <6.
(British Mathematical Olympiad 1986)

C6 thé néi day 1a mot bat diang thic rat kho vi dau dang thic cta bai toan

khong tai tdm hoac tai bién ma tai a:2c032§, b:2cos4—7T, CZZCOS%

cuing cac hoan vi, va chinh vi dau bang “ky la” nay ma bai toan d4 gay duoc
kho khan cho cac phuong phap ma ta dé& biét tham tham chi la cac phuwong
phap rat manh nhw S.0.S hay don bién, .... Trong quyén sach “Si# dung
phuwong phdp Cauchy-Schwarz d¢’chieng minh bat ding thizc” anh V& Quac Ba Can
c6 dwa ra mot 1oi giai rat doc ddo bang Cauchy-Schwarz nhu sau

Loi Giai. T gia thiét caa bai toan ta dé dang suy ra duoc ab+bc +ca=—3. St
dung hang dang thtc

3(a’b+b’c+ca) = a(2ab+c’)+b(2bc +a*) +¢(2ca+b’), (1)
két hop vai bat dang thic Cauchy-Schwarz, ta co
OVT? <(a +1° Jrcz)l(Zaancz)2 +(2bc+a2)2 +(2ca+b2)2].

Mat khéc, dé dang tinh dwoc
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S~ (2ab+¢?) = 4(a%h? +a%? +a%b?) + abe(a+ b+ c)+a? + b2 4
= 2(ab-+hbc+ca)+(a® +b’ +cz)2
=54
Ttr d6 suy ra a’b+b% +c%a<6. u
C6 thé n6i mau chét caa Ioi giai nay chinh Ia viéc str dung déng thire duoc (1)
dé€ sau d6 str dung thanh cong bat dang thic Cauchy-Schwarz. Trong séch
anh Can ciing da li giai viéc tim ra (1) bang cach st dung phuong phap nhan

te Langrange (sé dugc hoc trong chuwong trinh todn cao cap cua bac dai hoc)
nhu sau. Bang cach dat

Fab,c)=a’b+bc+c’a+ ) (a+b+c)+),(a"+b* +c*—6).

Ta thay diém cyc tri cua ham F(a,b,c) Ia nghiém cta hé phuong trinh sau day

(OF _0F _OF _
oa oOb Oc
a+b+c=0
a+b’°+c*=6

hay la

[2ab+¢? + ) +2)\,a=0

2bc+a’ + A +2\b=0

2ca+b*+ X +2)\c=0 (2)
a+b+c=0

a’+b*+c* =6

Cong tuwong tng theo vé cac phuong trinh thi nhat, th hai, tha ba lai voi
nhau ta dwoc

(a+b+c) +3\ +2) (a+b+c)=0,
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Tir d6 suy ra A, =0, vi th¢'hé (2) Ic nay tro thanh

[2ab 4 ¢* +2),a=0
2bc+a’ +2\,b=0
2ca+b*+2Xc=0
a+b+c=0
a’+b’+c¢* =6

Tt ba phwong trinh dau, ta rat ra dugc

2ab+c®  2bc+a®  2ca+b®
a b C

-2\

o

Dé'y rang dang thic trén chinh 1a diéu kién xay ra dau dang thikc cta bat
dang thiec Cauchy-Schwarz va vi thé€ ma ta c6 1oi giai doc ddo nhu da trinh
bay ¢ phan trén.

Khong dirng lai 6 day, béng ky thuat twong tw nhw trén ching ta ta c6 thé giai
quyét tron ven duoc bai toan tdng quét ctia bat dang thiec trén nhu sau.

Tong Quat. Véi a,b,c la ba sdthyec théa méan déng thoi cdc diéu kién sau
a+b+c=0
a’ +b® +¢* =6t

Chizng minh rang khi dé véi moi so'thyec k,t ta ludn c6 bat ding thizc sau day

a?b + b%c + c?a+ kabc < 2t3k* — 3k + 9.

(V6 Quéac Ba Can, L& Viet Hai)

Loi Giai. T gia thiét ctia bai toan, ta dé dang tinh duoc

ab—+bc+ca = —3t?
a’b? +b%c® +c%? =ot*

Mat khac, ta lai c6

ag’b+b3c+c3a—(ab3 +bc? +ca3): —(a+b+c)(a—b)(b—c)(c—a)=0.
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Ttr d6 suy ra a’b+b’c +c’a=ab® + bc® 4 ca’, vi thé

ab(a2 +b2)+bc(b2 +CZ)+ca(c2 +a2)
2
ab(a” +b”) +hbc(b” +¢*) +ca(c* +a°) +abc(a+b+c)
2
(ab+bc+ca)(a2 +b? +cz)

= =—ot".

2

a’b+bic+cla=

St dung bat ding thic Cauchy-Schwarz, ta c6

2

(a+b+c)(ab+hbc+ca)
3

QVT? = S(azb +b%c+ cza) + 3kabc — k-

2

= Za[Zab+c2 +kbc—k-w]

. ab+bc+ca]2

<(a+b*+¢%) Z[Zab+cz+kbc—k

Bang tinh toan truec tiép, ta dé dang tim duoc

2

AHDOF@) S (a4 ¢* -+ kbe+ k2

z:[Zaanc2 +kbc —k

=6t* (K —3k+9).
Tt d6 suy ra
a’b +b?c +c*a+ kabc < 2t°vk® — 3k + 9.
Bai toan dwoc chitng minh xong. O

Nhan Xét. Ngoai ra d& tinh dugc a’b+bc+c’a=—9t" ta c6 thé st dung hing
dang thtic sau day

(a+b+c)(a2b+b20+cza):0
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Nhitng bai toan bat déng thiee kho, hinh thittc don gian, dep mat va c6 dau
dang thic xay ra khi cac biéh léch nhau (léch tdm hay léch bién) thwong
khong cb nhiéu, vi dé xdy dung dwoc nhitng bai toan nhu vay doi hoi nguoi
ra dé phai c6 mot trinh do 140 luyén. Chac han mdi chung ta ai ciing d4 tirng
do6i 1an cham trén véi nhitng bai toan nhw vay ma ciing khong it 1an bi n6
danh guc. Chung ta c6 thé néu ra day mot bai toan dai dién cho nhing tiéu
chuan noi trén, mot bat didng thic rat ndi tiéng cua gido su Vasile Cirtoaje

Bai todn 2. Néu a,b,c la ba s6’thuec tuy y, thi
(a® +b° + cz)2 >3(a%+b’c+c’a).
(Vasile Cirtoaje)

An bén trong vé bé ngoai don gian nay la mot bat dang thikc rat kho vi ngoai
truong hop tAm thuong a=b = ¢ dé€ dang thaice xay ra thi van con mét truong

hop nira dac biét niva la (a,b,c) =k sinzg, sin227—7r, sin2477r] cling céac hoan vi.

Lai 12 ddu dang thic lwong giac ?! Chinh vi thé' ma mét loi giai binh thuwong
cho bat dang thic c6 dau bang “bat thuong” nay duong nhu 1a khong c6 !
Nhi&ng chitng minh cho bai toan nay da phan déu dwa bai toan vé dang tong
cac binh phuong dieu nay doi hoi nguoi lam toan phai c6 mot nhan quan
nhay bén dé€ nhan biét dwoc su ton tai ctia cac phép phan tich d6. Méi sau nay
MGi xuat hién mot chitng minh kha don gian va doc ddo bang phép thé trong
bat d¢dng thic quen thudc

(x+y+z)2 >3(xy+yz+2x).  (xy,zZeR)

Trén dién dan toan hoc toan cau ww.Mathlinks.ro anh can_hang2007 c6 titng
néi rang bat dang thikc sau day caa c6 thé chitng minh dwoc bang Cauchy-
Schwarz nhung chura cong bd 1oi giai. Bang bai toan téng quat trén ching ta
c6 mét 1oi giai bang AM-GM két hop véi Cauchy-Schwarz kha thi vi sau day
cho bat ding thic Vasile Cirtoaje.
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Loi Giai. Vi bat diang thic da cho ¢ dang thuan nhat nén ta c6 thé chuan hoéa
cho a+b+c =3, khi dé ton tai so thuc t sao cho a’ +b? +c* = 3+ 6t%. Tiép
dén, tadat a=1+x,b=1+y,c=1+2z thi x+y+z=0 va tinh dwoc

X2 +y? 472 :(a—l)2 +(b—1)2 +(c—1)2 = 6t°.
Bat dang thiic can chitng minh tro thanh
3(1+ 2t2)2 > a% + b’c 4 ca.

Ta lai c6
a®b+bc+cta=(1+x) (1+y)+(1+y) (1+2)+(1+2) (1+x)

= Z(x3 + 3x%y + 3xy + x°y + 3x? +1)

=x*+y*+2° +3(X2y+y22 +zzx)+3(2x2 +Zyz)+2x3y+ 3

= 3xyz + 3(x2y+y22 - zzx) +9t* —9t* +3

= 3(x2y +y’z+ zzx+xyz)+9t2 —ot* +3
<3.263\7 49 —9t" + 3.

Vay ta can chitng minh
(1+ 2t2)2 > 207 +3t2 - 3t* +1,
hay la
Tt > 287,

Bat dang thic cudi cling hién nhién ding theo bat dang thicc AM-GM cho hai
s6 khdng am nén ta c6 di€u phai chirng minh.
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