MOT S VAN DE VE BAT DANG THUC
BAC BON BA BIEN

Nguyén Vin Huyén!
Toéng Hitu Nhan?

1. Mé& dau

Trén tap chi IJPAM 3 nhém téc gia Vasile Cirtoaje * va V6 Qubc B4 C4n ° c6 dé xuét dinh 1y:

Véi a, b, ¢ la ba sé thuc, xét da thitc

F(a,b,c)=Za4+AZb2c2+Bacha+CZb3c+DZbc3.

Néul+A+B+C+D =0, bdt ddng thitc F(a, b,c) > 0 sé diing khi va chi khi

3(1+A)>C*+CD + D%

V6i dinh 1y nay 16p cac bai todn bic 4 ba bién sb gin nhu da dudc gidi quyét triét dé. Tuy
nhién viéc chiing minh va ap dung né trong cac ky thi khong phai 1a diéu dé dang. Theo
quan diém ca nhan dinh Iy nay gibng nhu mot tiéu chuin trong viéc sang tao ra cic bét
dang thtic méi hon 1a moét phuong phap dé gidi quyét cac bai toan. Diéu ma ching ta quan
tam khoéng chi 13 nhitng dinh 1y tong quat ma con 1a nhiing céng cu khéng qua qué phiic
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Mot so van dé ve bat dang thitc bac bon ba bién

tap d€ st dung trong phong thi. Vi thé, trong bai viét nhd nay, chiing t6i xin chia sé mot vai
ky thuét nhd kha hiéu qua trong viée xtt 1y cac bt ding thiic bac 4 ba bién.
2. Cac bai toan doi xing

N#m 2011 trén dién dan toan hoc artofproblemsolving.com thanh vién mudok cé dé xuét
bai toan sau day:

Bai 2.1. Cho cdc s6 thuc a, b, ¢ théa mdn a + b + ¢ = 0. Chitng minh rdng

(ab + bc +ca)*+ 9abc = 3(ab + bc + ca).

Loi gidi. Cach tu nhién nhét 14 ta sé rit ¢ = —a — b roi thay vao (2.1.1), va dudc
[ab—(a+ b)2:|2 —9ab(a+b)=3[ab—(a+b)?],

(a®?+ ab + b?)?> +3(a® + ab + b?) = 9ab(a + b).
Quan sat mot chit ta thdy bat ddng thic lac nay chta ba dai luong a® + ab + b, ab, a + b
va ching c6 moi lién hé v6i nhau théng qua danh gia

3
a’+ab+b*> Z(a + b)? > 3ab,
suy ra
(a4 ab+b?)?*+3(a’*+ab+b?) = %(a + b)*+9ab.
Nhu véy ta chi cAn chting minh

(a +b)*
16

+ab = 9ab(a + b).

Rét tiéc bat ding thitc nay khong ding (cé thé kiém tra véia = —1, b = 1). Do d6 ta sé d6i
lai danh gia theo kiéu

(a*+ab + b*)*+3(a®>+ab + b*) > (3ab)*+3- E(a + b)?
o 4 (2.1.2)
=9a’b% + Zr(a +b)?,

va quy bai toan vé chting minh

(a+ b)?

a*b? + = ab(a + b).

Bit ding thiic nay ding theo bit ding thiic AM-GM, nhung c6 mét 16i trong danh gia
(2.1.2) d6 1a (a® + ab + b?)*> = (3ab)? chi ding khi ab > 0, nhung ta c6 thé khic phuc 16i
nay bang k§j thuét sau.

Do ab - bc - ca = a®b*c® > 0 nén trong ba sb ab, bc, ca sé c6 it nhat mot s6 khong am, gid
stt ab > 0. VGi nhitng 14p luén trén, 4p dung bat dang thicc AM-GM, ta ¢

3
a’+ab+b*> Z(a+b)2>3ab>0. (2.1.3)
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Suy ra

2
(a®*+ab+b*)?+3(a®+ab+b*) > 9a®b* + Na+b)

Ta sé chiing minh
2, (a+ b)?

a’b = ab(a + b).

Ciing theo bat dang thitc AM-GM thi

2 2
a’b? + —(a—;b) > 2\J a2b2 - @ =abl|a+ b| = ab(a + b). (2.1.4)

Pang thiic xay ra khi (2.1.3) va (2.1.4) tré thanh ding thic, tic

a=b
_(a+0b)
4

a’b?

Giai hé nay ta dudgca=b=c=0vaa=b =1, c =—2. Bai dugc chliing minh. O

Bai 2.2. Cho ba sb thuc a, b, ¢ théa mdn a + b + ¢ = 3. Chitng minh rdng

3(a*+b*+cH+ a2+ b2 +c2+6=6(a+b3+2).

L3i gidi. DAy ciing 1a mot bai todn dbi xiing, nén ta sé tim cach dua diéu kién vé dang t6ng
bang 0, roi dung phép the nhu trén. Rat tu nhién ddta=x+1,b=y+1,c=2z+1, khidd

x+y+z=((a@—-1)+(b—1)+(c—1)=0.
V6i phép dit nay thi
a2+ b2 +ct=(x+1)2+(y+1)*+(z+ 1)
=x2+y*+22+2(x+y+2)+3
=x?+y*+2%+3,
tuong tu
C+b+=x+y +22+3(x* + y* +2%)+3,
A +bt+ct=xt+yt 2t A3+ Y +22) +6(x P+ y +2%) + 3.
Bét dang thtc (2.2.1) tré thanh
3+ y*+2H)+ 6+ ¥y  +23)+x2+y* + 22 = 0. (2.2.2)
Gia st xy > 0, roi thay z = —x — y vao (2.2.2), ta dugc
Bx*+y " +(x+y)+6[x*+y —(x+y)P]+x*+y*+(x+y)* =0,

3(x*+2x3y +3x2y* + 2xy  + yDN+ x* +xy + y2 = 9xy(x + y)
32 +xy +y 2+ x>+ xy+y = 9xy(x+y).
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Ap dung bt ding thiic AM-GM, ta c6

3
i+ xy+y*> Z(x+y)2>3xy>0, (2.2.3)

suy ra

3
32+ xy + ¥y P+ x*+xy +y? = 27x*y* + Z(x + )2
Do d6 ta chi cAn chting minh

+ 2
Ix?y? + % > 3xy(x +y).

Ciing theo bt ding thitc AM-GM, thi

+y)? +y)?
oxty? 4 O ) >2Q9xzy2'%=3xy|x+y|>3xy(x+y). (2.2.4

Pang thiic xay ra khi (2.2.3) va (2.2.4) tré thanh ding thitc, tic x, y 1a nghiém ctia hé

xX=y
2.,2 3 2
27x%y =Z(x+y)

Giéihénéytaduocx=y:Ohoécx=y:%,suyraazb=c=1,hoéca:b:§,c=%
cung cac hoan vi. Bai toan dudc chiing minh. O

Sau 2 vi du du ta thy ¥ tudng chinh dé€ gidi quyét cac bat ding thic dbi xting béc 4 dudc
“m6 hinh” hoa nhu sau:

(1) Néu bht d:fmg thitc ¢ diéu kién a + b + ¢ = 3 thi ta sé tién hanh d&i bién sang
x=a—1,y=b—1,z=c—1, con néu bat dang thiic c6 cac diéu kién khac thi ta co
gang thuan nhat bai toan hoic théng qua mot s6 danh gid dé dua bai toan vé dong
bac sau d6 chudn héa a + b + ¢ = 3, 16i st dung cac bién doi

at+ b+t =xt+yt+ 2+ 403+ P +22) +6(x* + y? +22) + 3,
A+bP+=x+y  +2° +3(x* + y* +2%) +3,
aA?+b*+ct=x*+y*+2°+3,
ab+bc+ca=xy+yz+zx+3,
abc=xyz+xy+yz+zx+1

(2) Thay z = —x — y r6i bién déi vé hai dai luong x>+ xy + y2, xy (x + y) théng qua cac
dang thtc
xt+yt et =2(x% + xy + y?)>?,
P +y*+2° ==3xy(x+y),
2+ y*+22=2x*+ xy +y?),
xy+yz+zx=—(x*+xy+y?),
xyz=—xy(x+y),
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Cubi cling ta sé thu dugc bat ding thitc ¢ dang
A +xy +y2)  +B(x2+xy + y)+ Cxy(x+y)+D > 0.

T d6 tly vao cac hé sb cac A, B, C, D ma ta c6 nhiing danh gia thich hop dé€ giai
quyét bai toan.

Rét vui mung vi phat hién thi vi nay ching t6i da thit 4p dung vao cac bai toan khac va thu
dudce nhitng két qua sau:

Bai 2.3. Cho ba sb thuc a, b, ¢ théa mdn a + b + ¢ = 3. Chitng minh rdng

(ab+ bc+ca—3)2=27(abc—1).

Loi gidi. Pata=x+1,b=y+1,c=2+1,thix+y+2=0.Khido

ab+bc+ca=xy+yz+zx+3.
abc=xyz+xy+yz+xz+1.

Bét dang thtic (2.3.1) tré thanh
(xy +yz+2x)* = 27(xyz+xy + yz + x2). (2.3.2)
Gia stt xy = 0, thay 2 = —x — y vao (2.3.2) va thu gon lai, ta dugc
[xy =+ y)*P = 27[—xy(x + y) + xy — (x + ¥)*],

hay la
(P +xy +y3)? +27(x* +xy + y*) +27xy(x + y) = 0.

Ap dung bit ding thitc AM-GM, ta c6
3

X2+ xy+y*> Z(x+y)2>3xy>0,

suy ra
81
(2 +xy+y?)?+27(x* + xy + y*) = 9x*y* + Z(x + )2
Ta s€ chiing minh
9

x?y? + Z(x +¥)*+3xy(x+y) =0,

bét ddng thiic nay ding vi

2
(Bx + 3y4+ 2xy) >0

9
xly? + Z(x +y)P+3xy(x+y)=

Péang thitc xdy rakhia = b =c¢ =1, hodic a = b = —2, ¢ = 7 cling cac hoan vi. Chting minh
cta ta dudc hoan tat. O

Bai 2.4. Cho ba sb thuc a, b, ¢ théa mdn a + b + ¢ = 3. Chitng minh rdng

3(a*+ b* +cM) +33 = 14(a® + b2 + ¢2).
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Loi gidi. Pita=x+1, b=y +1,c=2z+1, thi x + y +z = 0. Bit ding thtc (2.4.1) dugdc
viét lai nhu sau

3+ yt+ 2+ 1203 + YR+ 23) + 42 + y2 +22) = 0. (2.4.2)
Gia stt xy = 0, thay 2 = —x — y vao (2.4.2) va thu gon lai, ta dugc
3(x* +2x3y +3x2y? + 2xy2 + yH) +4(x% + xy + y*) = 18xy(x + y),

3(x*+xy +y2) P +4(x*+xy + y*) = 18xy(x + y).
Ap dung bét ding thiic AM-GM, ta c6

3
x2+xy+y2>z(x+y)2>3xy>0,

suy ra
3(x*+xy + ¥y +40%+xy +y?) = 27x*y* + 3(x + y)?,

lai co
27x*y* +3(x +¥)*—18xy(x + y) =3(x + y —3xy)* > 0.

5

Pang thitcxdyrakhia=b=c=1hodca=b = 3, c= —%. Bai toan dudc chiing minh. [

Bai 2.5. Cho ba sb thuc a, b, ¢ théa mdn a + b + ¢ = 3. Chitng minh rdng

(ab + bc +ca)*+9 = 18abc.

Loi gidi. Pata=x+1,b=y+1,c=z+1, thi x +y +z = 0. Khi d6 bét ding thtic (2.5.1)
tr6 thanh
(xy +yz+2zx+3)*+9=>18(1+xy + yz +2x + xy2),

hay
(xy +yz+2x)*>12(xy + yz +2x) + 18xy=. (2.5.2)

Gia stt xy = 0, thay g = —x — y vao (2.5.2), ta dugc
(2 +xy+y*)?+12(x* +xy +y*)+18xy(x +y) = 0.

Ap dung bt dang thitc AM-GM, ta c6

3
X2+ xy+y*> Z(x+y)2>3xy>o,
suy ra
(% +xy+y2)?+12(x*+ xy + y?) = 9x2y% + 9(x + y)?,

nhu vy ta can chi ra
2y?+(x+y)+2xy(x+y) =0,

tuong duong véi
(x+xy+y)=0.

Pang thitc xay rakhia = b = ¢ = 1 hodca = b = —1, ¢ = 5. Bai toan dudc chitng minh. [
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Bai 2.6. Chitng minh rdang bdt ddng thitc

(a®+ b? + c?—2ab—2bc —2ca)®* +9(ab + bc + ca)® = 30abc(a+ b +c), (2.6.1)

lubn diing véi moi sé thuc duong a, b, c.

Loi gidi. Néu a+ b +c =0 thi (2.6.1) hién nhién dung. Néua+b+c+#0, thay (a, b, c¢) béi
(—a, —b, —c) thi bt ding thic van khéng thay déi nén ta c6 thé gid st a + b +c¢ > 0, va
chusinhéachoa+b+c=3.Pita=x+1,b=y+1,c=2+1,khiddx+y+z=0. Bit
dang thtc (2.6.1) trd thanh

[4(xy +yz+2x)+3P2+9(xy + yz+2x +3)* = 90(xy + yz +2x + xy2),
tuong duong véi
25(xy + yz +2x)* = 12(xy + yz +2x) + 90x yz. (2.6.2)
Gia st xy = 0, thay z = —x — y vao (2.6.2) va thu gon lai, ta dugc
25(x%+ xy + ¥y*)* +12(x* + xy + y*) + 90x y(x + y) = 0.

Ap dung bét ding thiic AM-GM, ta c6

3
i+ xy+y*> Z(x+y)2>3xy>0,
suy ra
25(x%+ xy + ¥y*)* + 12(x* + xy + y?) = 225x%y* + 9(x + y)>.

Ta s€ chiing minh
25x2y% +(x +y)*+10xy(x +y) =0,

diéu nay ding vi
25x2y? +(x +y)*+10xy(x + y) = (x + y + 5xy)* = 0.

Pang thitc xay ra khi a = b = ¢ hodic a = 3b = 3¢ cling cac hoan vi, nhu vay chitng minh
cta ta dugc hoan tat. O

Bai 2.7. Cho ba sb thuc a, b, ¢ khéng dm. Chitng minh rdng

3(a2+b2+c2)>(a+b+c)(\/ﬁ+ Vbe+ M)+Z(b—c)2>(a+b+c)2.

(Viet Nam MO 2005)

L3i gidi. Thay (a, b, c) béi (a2, b2, ¢*) bt ding thic cAn chiing minh tré thanh
3(a*+b*+cH = (a® + b%>+c?)(ab + bc +ca) + Z:(b2 —c2)? = (a®+b%+ 2>
Ta chitng minh vé trai

3(a*+b*+ch = (a? + b2+ c?)(ab + bec +ca) + 2(a* + b* + ¢* — a?b? — b%c? — c2a?).



Mot so van dé ve bat dang thitc bac bon ba bién

Diéu nay tuong duong véi
a*+ b*+c* +2(a*b? + b%*c* + c*a*) = (a* + b* + ¢?)(ab + bc + ca),
(a®+ b*+c?)? = (a® + b* + c*)(ab + bc + ca). (2.7.1)

Chudnhbéaa+b+c=3vadita=x+1,b=y+1,c=—x—y+1vao (2.7.1) va thu gon
lai, ta dudgc
6(x*+2x°y +3x*y* +2xy> + yN +9(x* + xy + y*) = 0,

6(x*+xy+y?)+9(x*+xy+y?)=0.

BAt ddng thic nay hién nhién ding. Ding thic xay ra khi a = b = ¢, vé trdi dugc chiing
minh. Tiép dén ta chitng minh vé bén phai

(a®>+ b*+c?*)(ab + bc +ca) + 2(a* + b* + c* —a?b* — b*c? — c?a®) = (a® + b* + ¢?)?,
bat dang thiic ndy tuong ducng
a*+b*+c*+(a®> + b%+c>)(ab + bc +ca) = 4(a?b? + b?c? + c%a?),
a*+b*+c*+abc(a+b+c)+ab(a*+b*)+ca(c* +a?)+ca(c®*+a?) = 4(a®b*+ b3c* + ca?).
Dé thay nay 1 hé qua cda hai bat ding thic sau day
ab(a®+ b*) +ca(c? + a®) + ca(c® + a?) = 2(a®b? + b?c* + c*a?), (2.7.2)

a*+b*+c*+abc(a+ b +c) = ab(a®+ b))+ ca(c® + a®) + ca(c? + a?). (2.7.3)
Bét déng thic (2.7.2) tuong duong véi

ab(a—b)?+ bc(b—c)*+ca(c—a)* = 0.

Ta chitng minh (2.7.3), chudn héa cho a+b+c=3vadita=x+1, b=y+1,c = —x—y+1
v6i xy = 0 rdi thé vao bat dang thitc trén va thu gon lai, ta dugc

4>+ xy +y*)+3(x* +xy + y*) = 18xy(x + y).
Theo bét ddng thiic AM-GM ta c6
4x*+xy+y*)+3(x*+xy+y*)=4-(3xy)*+3- %(x + y)?
= 36x2y? + z(x + )%,

va )
9(x +y4— 4xy) >0

Pang thitc xay ra khi a = b = ¢ hodic a = b, ¢ = 0. Nhu vy bai toan dugdc chiing minh. [

36x%y? + %(x +y)?—18xy(x+y)=

Bai 2.8. Cho ba sb thuc a, b, ¢ théa man abc = —1, chitng minh rc‘ing

a?+b> b%>+c* c2+a?
+ + :

a*+b*+c*+3(a+b+c)= .
a

(Iran MO 2005)
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L3i gidi. Ta viét bit ding thic lai duéi dang thudn nhét nhu sau
a*+ b*+c*—3abc(a+ b +c) = —ab(a? + b?) — be(b? + b)) —ca(c? + a?). (2.8.1)

Vi
Z:ab(a2 + b?%) = (ab + bc + ca)(a® + b*+c*)—abc(a+ b +¢),

nén (2.8.1) tuong duong voi
a*+b*+c*+(ab+ bc+ca)(a® + b%+¢?) = 4abc(a+ b +¢). (2.8.2)
Néua+b+c =0, thay c = —a — b vio (2.8.2) ta dugc
a*+b*+(a+b)*—(a®+ab+b*)[a*+ b2+ (a+b)*] >0,
tuy nhién dé& thiy
a*+b*+(a+b)*—(a®>+ab+b*)[a*+ b2+ (a+b)*] =0,

nén bai toan dung trong truong hgp nay.

Néua+b+c # 0, thay (a, b, c¢) b8i (—a, —b, —c) thi bat dflng thitc vin khong thay d6i nén
ta c6 thé gia st a+ b+ ¢ > 0, va chudn héa choa+ b +c = 3.

Pita=x+1,b=y+1thic=—x—y+1, rdi thay vao (2.8.2) va thu gon lai ta dudc
27(x*+xy +y*) =0.

Bit ding thiic nay luén ding. Pang thiic x4y ra khi a = b = ¢ hodic a + b + ¢ = 0. Bai toan
dudc chitng minh. O

Nhan xét. Bai toan 13 hé qua ctia ding thitc sau

Za4+2bc2a2=(a+b+c)2(a2+b2+c2—ab—bc—ca)+4abc(a+b+c).

Bai 2.9. Chitng minh rdng véi moi sé thuc a, b, ¢ ta luén cé

(a+b)4+(b+c)4+(c+a)4>;[a4+b4+c4+(a+b+c)4].

Loi gidi. Néua+b+c =0, thay c =—a— b vao (2.9.1) va thu gon ta dudc
a*+2a®b +3a%b%+2ab®* + b* >0,

ta co
a*+2a®b +3a?b*+2ab® + b* = (a®*+ab+ b?)?* = 0.

Néua+b+c#0, thay (a, b, ¢) b8i (—a, —b, —c) thi bat dang thic vin khong thay d6i nén
ta ¢ thé gia st a+ b+ ¢ > 0, va chudn héa choa+ b +c = 3.

PDita=x+1,b=y+1,c=z+1,thix+y+z=0vax>+y>+2>=3xyz, tacd

(a+b)*+(b+)+(c+a) =x*+y*+2* + 240> + y? + 22) — 24x yz + 48,
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tuong tu thi
at+b*+ct+(a+b+o) =xt+yt+2t+6(x* + ¥y +2%) + 12xyz + 84.
Nhu v4y bat ding thtc tré thanh
x4+ yt+ 2t +48(x* + y* +2%) = 72x yz. (2.9.2)
Gia st xy > 0 roi thay z = —x — y vao (2.9.2), bat ding thitc dudc viét lai dusi dang
20+ xy + y*)* +96(x* +xy + y*) + 72xy(x + y) = 0.
Theo bit ding thitc AM-GM, ta ¢
202+ xy + y2)2 +96(x* + xy + y?) = 18x%y? + 72(x + y)?,

lai c6
18x%y* +72(x + y)* + 72xy(x + y) = 18(2x + 2y + xy)*> = 0.

Pang thitc xay ra khi va chi khi a = b = ¢ hoiic —3a = —3b = ¢. Chiing minh clia ching ta
vi thé hoan tat. O

Nhan xét. Bai toan 13 mét két qua manh hon ctia bat ding thic sau
4
(a+b)*+(b+)+(c+a)> ;(a“ +b*+cH).

(Viét Nam TST 1996)

Bai 2.10. Vi ba s thuc a, b, c. Chitng minh rang véi moi sé thuc k ta ludn c6

> (a—b)(a—c)a—kb)(a—ke)> 0.

L&i giai. Lap luin nhu trén gid st a + b + ¢ > 0, va chudn héa cho a + b + ¢ = 3. bit
a=x+1,b=y+1,c=—x—y+1véixy >0, khi d6 bit ddng thitc (2.10.1) dugc viét
lai dudi dang

(k+2(x*+xy +y?)P?+3(k—1)*(x*+xy + y) = 9(k +2)(1 —k)xy(x + y). (2.10.2)
Theo bét ding thiic AM-GM, ta c6

3
i+ xy+y*> Z(x+y)2>3xy>0.

Suy ra

(k+2)2(x*+xy +¥y*)*+3(k—1)*(x* + xy + y*) = 9(k + 2)*x?y* + z(k —1)*(x +y)?

Ta sé chiing minh

, (= 1P+ yP

k + 2)%x2y?
( ) x“y 2

= (k+2)(1—K)xy(x+y),

tuong duong véi
[(k—1)(x+y)+2(k+2)xy]* = 0.

Pang thiic xdy a = b = ¢ hodc a = kb = kc. Chling minh hoan tét. O

10
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Nhan xét. Bai toan 12 hé qua ctia ding thic
2> (a—b)a—c)a—kb)a—ke)= Y (a—b)*[a+b—(k+1)c].

DAy 13 mot két qua thi vi, chiing ta c6 mét sb két qua kha dep mét nhu sau
Néu k = 0, bt ding thtic trd thanh
a’(a—b)a—c)+b*(b—c)b—a)+c*(c—a)(c—b) =0,

déy chinh 1a bit dng thtic Schur bic 4 va néu khai trién ta sé dugc bt ding thic (2.7.3).

Néu k = 2, bt ding thiic trd thanh
9(a* + b* + M +126(a®b? + b%c? + c2a®) = 5(a + b+ ¢)*.

bang thitc xdy ra khi 5 = b =c.

3. Dua bai toan vé dang bac bon

C6 rat nhiéu bai toan dang phén thtc, cin thiic, ... thoat nhin sé khéng c¢6 dang da thic
bic 4 nhung néu théng qua mot sb danh gia va bién ddi, ta c6 thé chuyén ching vé dang
da thitc bac 4 va c6 thé 4p dung phuong phap trén. D& hiéu r6 hon, mdi ban doc xét qua
cac bai toan sau.

B3i 3.1. Cho a, b, ¢ la cdc sb thuc khdng dm théa mdn ab + be + ca > 0. Chitng minh rdng
bat dang thitc sau luén diing

(a+b)*? (b+c)? (c+a)2>

=
c2+ab a2+4+bc b2+4ca

L3i gidi. Ap dung bét ding thiic Cauchy-Schwarz ta c6

Z:(a+b)2 - [(a+b)2+(b+c)+(c+a)]?

c2+ab (ab+c2)(a+b)2+(bc+a?)(b+c)2+(ca+b%)(c+a+ b)?
_ 4(a®+b%+c%2+ab+ bc+ca)?
" (ab+c2)(a+Db)2+(bc+a2)(b+c)2+(ca+b2)(c+a+Db)?

Vi thé d€ chitng minh bai toan ta cAn chting minh dudgc

(a®> + b%+c2+ab+ bc +ca)? .3
(ab+c2)(a+b)2+(bc+a2)(b+c)?+(ca+b2)(c+a)2 2

Bang cach khai trién truc tiép ta thy diéu nay tuong duong véi
2[a*+b*+c* +abc(a+b+c)— Y ab(a*+b*)]+3 > abla—b)* > 0.

Bit ding thitc cudi cliing ding theo bit ding thitc (2.7.3), dang thiic xay ra khi va chi khi
a=>b =c hoac a=b, c =0 va cac hoan vi. Bai toan dudc chiing minh. ]
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Mot so van dé ve bat dang thitc bac bon ba bién

Bai 3.2. Cho a, b, ¢ la cdc sb thuc khéng dm théa mdn a® + b* + c® + ab + bc + ca = 6.
Chitng minh rang

1 4 1 N 1
4—ab 4—bc 4—ca

<1 (3.2.1).

Loi gidi. Bai toan nay dudce lam chit tit dé thi Moldova TST 2005 va c6 dén hai diu bang
lAa=b=c=1vaa=b=+2, c=0. Muon st dung bat dang thitc Cauchy-Schwarz ta
phai dung dén k§ thuat thém b6t dé 1am ddo chiéu bai toan. Ta xét

1
P(a,b) =k — .

(@b =k=2"a

Ta co ;
P(1,1)=k—=

(1,1) 3

1

P@@ﬂ):k—l

P(VZV2)=k—».

Ta cAn tim k sao cho P(a, b) = 0 va danh gi4 nay cang chit cang tdt tlt cac tinh to4n trén ta
thay k = % la gia tri tot nhat can tim, tu d6 dan den dang thic
2  2—ab

4—ab 4—ab’
bt dang thitc (3.2.1) dugc viét lai nhu sau

2—ab 2—bc 2—bc

+ + = 1.

4—ab 4—bc 4—bc

Do a?+ b%+c?+ab+ bc+ca =6, nén

1—

3(2—ab)=(a—Db)?>+c2+bc+ca=0.

Theo bat ding thitc Cauchy-Schwarz, ta c6

Zz—ab S [Z(Z—Clb)]z _(6—ab—bc—ca)®  (a®+Db*+c*)
4—ab” S(2—ab)(4—ab) D.(2—ab)(4—ab) >.(2—ab)(4—ab)

Nhu véy, ta cAn chiing minh
(a®+b2+c?? > > (2—ab)(4—ab),
tuong duong voi
a*+b*+c*+a*b? + b*c* + c*a* + 6(ab + bc + ca) = 24,

hay du6i dang thuin nhét

Za4+2a2b2+(2ab)(2a2+2bc)> %(Za2+2bc)2.

Khi trién va thu gon lai ta dugc
a*+b*+c*+abc(a+b+c)=ab(a®+ b?)+ be(b? + c?) + ca(c* + a?).

P4y chinh 1 bit dang thitc (2.7.3). Bai toan dudc ching minh. O
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Mot so van dé ve bat dang thitc bac bon ba bién

Bai 3.3. Cho ba sb thuc x, y, z thudc [—1,1] théa mdn x + y +z = 0. Chitng minh rdng

Vitx+y2+/1+y+22+V1+z+x22>3.

L3i gidi. Binh phuong hai vé, ta dugc

x2+y2+zz+zz\/(1+x+y2)(1+y+zz)> 6.
Ap dung bit dang thitc Cauchy-Schwarz ta c6
DV A+x+y)A+y+22)> > JA+0)A+y)+ ), lyzl
22 \/(1+x)(1 +y)—Zyz.

Ta dua bai toan vé chiing minh

Zx2—22y2+22\/(1+x)(1+y)>6.

Pat1+x =a? 1+y =b? 1+z=c2véia, b, c 1a cic sb khong a4m, khi d6 a®+ b*>+¢> =3,
bat dang thic trén trd thanh

Za4—22b2c2+22a2+22bc—9>O,

Za“—zz b2c2+22bc—2a2 >0,
32a4—6z b2c2+(22bc—2a2)(2a2) =0,

khai trién va thu gon lai, ta dugc

a4+b4+c4+abc(a+b+c)—Zab(a2+b2)+22bc(b—c)2>0.

tuong duong véi

Bit ddng thitc ndy diing theo bit ding thitc (2.7.3), ddng thitc xdy rakhi x = y =z = 0.
Bai toan dudc chiing minh. O

Bai 3.4. Cho ba sb thuc khéng dm a, b, ¢ théa mdn a® + b* + ¢ > 0. Chitng minh rdng

24 V3. vabc(ab + bc + ca)

a’?+ b?

= 2(ab + bc +ca).

Loi gidi. Ap dung bat dang thitc AM-GM ta c6
/3 vabc(ab + be + ca) S 3+/3abc . 3v3abcva?+ b2 +¢2 S 3abc(a+b+c)
Jetbr+2  JE+br+E a?+ b2 +c2 T a2+ b2+

Ta cin chting minh

3abc(a+b+c)

2, 2, .2
a“+b"+c*+
a?+ b2 +c?

= 2(ab + bc +ca),

quy déng va thu gon lai ta dugc
a*+ b*+c*+abc(a+ b +c) = ab(a® + b?) + be(b? + ¢?) + ca(c? + a?).
DAy chinh 13 bt ding thic (2.7.3), ding thiic xay ra khia = b =c hoica=b, ¢ =0 cung

cac hoan vi. Chting minh hoan tét. O
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Mot so van dé ve bat dang thitc bac bon ba bién

Bai 3.5. Cho ba sé thuc khéng dm a, b, ¢ théa mdn a® + b® + ¢® + abc = 12. Chitng minh
rang bat dang thitc sau luén duogc thoa man

19(a® + b* + c?) + 6(ab + bc + ca) S

36.
a+b+c

L3i gidi. Ap dung bit dang thiic AM-GM, ta c6

19(a® + b? +c?)+6(ab + bc +ca) = 8(a® + b* +¢?) +8(a® + b% +¢?)+3(a+ b + ¢)?
> 12\3/3(a2 + b2+ c2)2(a+ b +c)2.

Suy ra

19(a®+ b2 +c*) + 6(ab + be +ca) _ 12&] 3(a2 + b2 + c2)2
a+b+c g a+b+c
Ta quy bai toan vé chting minh

(a®>+b*+c*)?*=9(a+b+c),

hay
4(a®>+b*+cA)? = (a®+ b2+ +abc)la+b+o).

Chudnhéaa+b+c=3vadita=x+1,b=y+1,c=—x—y+1,v6ixy > 0 bt ding
thitc can chitng minh tré thanh

16(x?* +xy + y*)* +3(x*+ xy + y*) +36xy(x +y) = 0.

Theo bét ddng thiic AM-GM thi

9
16(x* +xy + y?)* +3(x* + xy + y*) > 144x°y* + Zr(x +y),

lai co
9 9(x+y+8xy)?
144x*y* + Z(x +y)+36xy(x+y)= ( y4 y) >0
Péng thiic x4y ra khi a = 2b = 2c cing cac hoan vi. Bai toan dudc chitng minh. O

4. Xung quanh bai toan trong ky thi British MO 1986

Trong ky thi v6 dich toan British MO 1986 c6 mét bai toan bt dang thitc thu vi sau

Bai 4.1. Vi a, b, ¢ la ba sb thuc théa man déng thoi cdc diéu kién

a+b+c=0,a®+b%+c%2=6.

Chitng minh rdng

a’b + b%c +c2a < 6.

DAy 1 mot bit ding thiic khé vi ding thitc clia n6 khéng tai tim, ciing khong tai bién ma

8n
9

ma bai toan di gay khoé khin cho cic phuong phap ma ta da biét thim thim chi 13 cac

tai a = 2cos %”, b = 2cos %”, ¢ = 2cos 5 cung cac hoan vi, chinh vi dau bang “ky la” nay
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Mot so van dé ve bat dang thitc bac bon ba bién

phuong phap rit manh nhu S.0.S, don bién, ... Trong quyén sach “Stz Dung Phuong Phdp
Cauchy Schwarz B¢ Chitng Minh Bat Pang Thitc” hai tac gid Vo Qubc Ba Can, Tran Qubc Anh
® d4 dua ra mét chting minh rit déc ddo bang bét ddng thitc Cauchy-Schwarz nhu sau

L3i gidi. Ta c6 mét sb tinh toan don gidn

2 2 2 2
ab+ be + ca (a+b+c) 2(a +b°+c ):_3’

a’b?+ b%c% 4+ c%a® = (ab + bc + ca)* —2abc(a+b+c)=9
St dung ding thtic

3(a?b + b2%c + c%a) = a(2ab + ¢®) + b(2bc + a?) + c¢(2ca + b?), (4.1.1)
va bat ding thic Cauchy-Schwarz, ta 6

(a®+b*+ c?)[(2ab +c*)? + (2bc + a®)* + (2ca + b?)?]

9
2[(2ab +c2)* + (2bc + a*)* + (2ca + b2)?]
3 .

(a®b + b%c +c?a)’ <

Bing cach khai trién truc tiép, ta thiy

Z (2ab + c2)* = (a® + b + c2)? + 2(a®b? + b2c* + b*c?) + 4abc(a + b +¢) = 54,

nén
|a2b + b%c + c2a| <6,

suy ra
a’b+ b%c+c%a <6.

Bai toan dudc chiing minh. O

Nhan xét. C6 thé n6i mu chét ctia 16i giai nay chinh 13 viée stt dung déng thiic (4.1.1) dé sau d6
stt dung thanh cong b4t ding thitc Cauchy-Schwarz. Trong sich cac tic gia ciing ly giai viéc tim ra
déng thic (4.1. 1) bang cach stt dung phuong phap nhén t& Langrange (sé dugc hoc trong chuong
trinh to4n cao cip ctia bic dai hoc) nhu sau. Bing cch dit

F(a,b,c)=a’b+b%c+c2a+ A (a+b+c)+ Ay(a®+b%+c2—6).

Ta thiy diém cuc tri cia ham F(a, b, ¢) 1a nghiém ctia hé phuong trinh sau day

OF _OF _0F _
da b dc
a+b+c=0

a>+b*+c*=6
tuong duong voi
2ab+c?+ A +24,a=0
2bc+a*+ A, +24,b=0
{ 2ca+b*+A; +245c=0 (4.1.2)
a+b+c=0
l®+b%2+c%2=6

®Ha Noi
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Mot so van dé ve bat dang thitc bac bon ba bién

Cong tuong ting theo vé cac phuong trinh thit nhit, thi hai, thi ba lai v6i nhau ta duge
(a+b+c) 4324 +2,(a+b+¢)=0,
Tit d6 suy ra A; = 0, vi thé hé (4.1.2) liic ndy trd thanh

(2ab+c2+21,a=0
2bc+a*+2A,b=0
{ 2ca+b*+21,c=0
a+b+c=0
la®+b%>+c%2=6

Tit ba phuong trinh d4u, ta rit ra dugdce

2ab + c? _ 2bc + a? _ 2ca + b?
a B b N c

== _ZA’Z
Néu d€ y ta sé thay déng thic trén chinh 1a diéu kién xay ra diu bing trong bt ding thiic Cauchy-
Schwarz va diéu nay 1y giai cho viéc tach ding thitc (4.1.1).

Khong ding lai & day, bing ky thuit tuong tu ching ta ta c6 thé gidi quyét tron ven dugc bai toan
téng quat clia bit ddng thic trén, mot bai toan rit hay.

Bai 4.2. Véi a, b, ¢ la ba sb thuc va t = 0 la mot s cho trude théa man déng thoi
a+b+c=0,a®+b%+c%=6t2
Chitng minh rdng véi moi sb thuc k ta luén cé bdt ddng thitc sau ddy

a2b+b2c+c2a+kabc| <2t3v/k2—3k+09. (4.2.1)

https://artofproblemsolving.com/community/c6h480566

L3i gidi. Tit gid thiét ta tinh dudc

ab + bc + ca = —3t2,

a’b? + b%c? + c*a* = 9t*.
Lai cé
a®b+b3c+cta—ab®—bc*—ca*=—(a+b+c)a—b)b—c)c—a)=0
nén a®b + b3c + c3a =ab®+ bc® +ca’, suyra

ab(a + b2) + be(b? + c?) + ca(c?® + a?)
2
_ab(a®+ b?) + be(b? +c?) +ca(c® +a*) +abc(a+b+c¢)
B 2

_(ab+bc+ca)a®+b*+c?) ot
= 2 — —9r4,

a®b + b3c + c2a
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Mot so van dé ve bat dang thitc bac bon ba bién

T d6 ap dung bt ding thitc Cauchy-Schwarz, ta co

[3(a2b + b%c+c*a+ kabc):l2 = [B(azb + b?%c +c%a) + 3kabc + kt*(a+ b + c):l2
= [Z a(2ab + c® + kbc + ktz)]2
< (a®+b2+¢?) [Z (2ab + ¢+ kbc + ktz)z]
=602 > (2ab+c? + kbe +kt?)’].

Bing khai trién truc tiép ta thay

Z (2ab + c® + kbc + kt2)* = 6t*(k® — 3k +9).

Suy ra

|a®b + b%c + c*a + kabe| < 2t°V'k2—3k +9.
Bai toan dudc chiing minh. O
Nhin xét.

(1) Ngoai ra dé tinh a®b + b3c + c®a = —9t* ta c6 thé sit dung hang dang thiic
(a+b+c)a?®b+b%c+c%a)=0.
(2) Chon k = 3 thi b4t dang thitc (4.2.1) trd thanh
|2(a®b + b%c + c*a) + 3abc| < 6v/3¢°. (4.2.2)
Do a+ b + ¢ = 0 nén ta dé dang kiém tra dudc
\Z(azb +b%c+c2a)+ 3abc| =|(a=b)(b—c)(c—a),
khi d6 bat dang thiic (4.2.1) tuong duong véi
|(a—b)(b—c)(c—a)| < 6+/3t5. (4.2.3)

Lic nay chon tiép t = 1, ta sé dudc bai toan rat dep sau day:
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Mot so van dé ve bat dang thitc bac bon ba bién

Véi a, b, ¢ la ba s6 thuc cho trudc théa mdn dong thoi a + b + ¢ = 0, a® + b® + ¢2 = 6. Chitng
minh bat ddng thitc

|(a—b)(b—c)(c—a)| < 6+3.
(JBMO Turkey 2014)

Nhiing bai toan bit ding thiic khé, hinh thitc don gidn, dep mét va c6 diu dang thic xay
ra khi cac bién 1éch nhau (Iéch tdm va léch bién) thu’bng khéng c6 nhiéy, vi dé xéy dlIng
dugc nthng bai toan nhu vay doi héi ngIIdl ra dé phai c6 mét trinh d6 ldo luyén. Chéc hin
trong m&i chling ta ai ciing da ting d6i 14n cham tran v6i nhitng bai todn nhu vy, C6 the
néu ra 6 ddy mot bai toan dai dién cho nhiing tiéu chudn néi trén, mot bét dang thitc rht
néi tiéng cla gido su Vasile Cirtoaje.

Bai 4.3. Cho ba sb thuc a, b, ¢ thay déi bdt ky. Chitng minh rdng

(a®+ b%+c?)? = 3(a®b + b3c + c2a).

An bén trong vé bé ngoai don gian nay 1a mot bt ding thiic v6 cliing khé vi ngoai trudng
hop tdm thudng a = b = ¢ dé dang thitc xay ra thi vin con mot tru’bng hop nita dac biét

nita 1a (a, b, ¢) ~ (sin* %, sin? 2%, sin* &), chinh vi thé ma mét 16i gidi binh thudng cho bat

dang thitc c6 diu bing “bdt thudng” nay dudng nhu 13 khong c6 | Nhitng chitng minh ban
d4u da phin déu dua bai toan vé dang téng cac binh phuong (ngay ca bang phuong phap
tam thifc bac hai cfing budc ta phai phan tich biét thitic A thanh mot téng binh phuong)
diéu nay doi hdi ngudi lam toan phai c6 moét nhin quan nhay bén d€ nhan biét duge su ton
tai clia cac dai luong binh phuong d6. Bang bai toan téng quat trén ching ta c6 mét 16i gidi
kha thu vi sau day.

Loi gidi. Tuong tu bai (2.9) ta chudn héaa+b+c = 3, khi do ton tai sb thuc t = 0 sao cho
a®+ b*+c*=3+6t>
Tiép déndita=1+x,b=1+y,c=1+zthi x +y +2 =0 va tinh dugdc
x%+ y* +2* =6t
BAt dang thtic cAn chting minh tré thanh
3(1+2t2)° > a®b + b3 + a.
Trong (4.2.1) chon k =1, v6i cha y |A| = A, ta dudc
a’b + b%c + c2a+abc < 2V7 - t2.
Bién ddi vé trai
b+b%c+cta=1+x)PA+y)+A+y)PA+2)+ (1 +2)°(1 +x)
=Z(x3+3x2y+3xy+x3y+3x2+1)
=x*+y +22+3(x%y + ¥z +zzx)+3(2x2+2yz)+2x3y+3
=3xyz+3(x%y + y’ 2z +2°x) —9t* + 9t* + 3
=3(x*y + ¥’z +2°x + xyz) —9t* +9t* +3
<3-2v7-t3 =9t +9t% + 3.
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Mot so van dé ve bat dang thitc bac bon ba bién

Nhu vy ta chi cAn chiing minh
(1+2t2)° = 2637 =3t +3¢2 + 1,

hay la
7t + t2 = 24/7¢5.

Ap dung bit dang thitc AM-GM ta c6
Tth+ t2 = 24/ 7t4 - t2 = 24705,
Bai toan dudc chiing minh. O

Nhan xét. V6i a + b + ¢ = 3 thi 6 12 hing sb tot nhit (vé mit tinh toan) d€ a® + b2 + ¢ = 3 + 6¢2.
Thét vdy, theo b4t ding thitc Cauchy-Schwarz ta c6

b 2
a2+b2+c2>—(a+ 3+C) =3,

nén ton tai s6 thuc k khéng 4m va 0 < t < 1 sao cho a? + b2 + ¢2 = 3 + kt2. Ta c6 thé chon k tuy ¥
k=1, k=10, ... nhung ta phai chon k sao cho nhiing danh gia trd phai nén don gian nhat.

Ciing theo bit ding thiic Cauchy-Schwarz thi

b+c)? 3—a)?
a2+b2+c2>a2+—( <) :a2+( a)

2 2
suy ra
3— 2
34ke2> a2+ O
2
Giai bt phuong trinh nay, ta duoc
3—tv6k 3+ tv6k
—5  Set T

cho k = 6, thi
1-2t<as<1+2t.

Nhu véy k = 6 14 hing sb t6t nhit.

Bai 4.4. Tim hdng sb M nhd nhdt sao cho bdt ddng thitc
|ab(a2 —b?) + be(b*—c*) +ca(c*— a2)| < M(a?+ b? +c?)?,

lubn diing véi moi sé thuc a, b, ¢ bdt ky.

(IMO 2006)

Loi gidi. Choa = 3‘/g+2, b= 2_3‘5, c=1thiM > %, ta s€ ching minh M = % la gia tri

nhé nhét cn tim, titc chiing minh

942

|ab(a2 —b?) + be(b? —c?) + ca(c? —a2)| < v

(a® + b% + )%
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Mot so van dé ve bat dang thitc bac bon ba bién

Thét vy bét ding thiic tuong duong véi

(a+b+c)a—b)b—c)c—a)| < 3—1/_(a + b2 +c?)% (4.4.1)

Chuén héa a+b+c =3, khidé ton tai sb thuc t > 0 d€ a® + b+ ¢® = 3 + 62, lc nay
(4.4.1) dugc viét lai dusi dang

(a—b)(b—)c—a)| < 27[ 2y2,

(4.4.2)

Pita=x+1, b=y +1, c=z+ 1 roi thay vao (4.4.2) ta dudc

G-~ -0l <« L2 20
Ap dung bt dang thitc (4.2.3) ta dua bai toan vé chiing minh bat ding thiic manh hon 13
6vV3-t Z‘/_u +2t2)%,
hay
(1+2t2)?* > 329:/6 t3.

Ap dung bt ding thiic AM-GM, ta c6
2 2 2 2 > 8
1+2t2=1+§-t2+§-t2+§-t2>441-(—-:‘_2) =4\| = - t5,

binh phuong hai vé ta dugc

(1+2t3)? > % 3,

biéu nay cho pheép ta két ludn M = 32 , 14 gia tri nho nhét cin tim. ]

Khéng chi 4p dung dudc véi 16p cac bai toan bac 4, bé dé téng quat nay con ap dung tot véi
cac bai toan khac, ching ta cling xem

Bai 4.5. Vi a, b, ¢ la ba sb thuc théa man déng thoi cdc diéu kién

a+b+c=0,a®+b%+c%2=3.

Chitng minh rang

a’b + b’c+c’a < -3.

. Ta ¢4 c6 mot so tinh toan

L&i gidi. Do a®+ b? + c? = 3 nén tt bai (4.2) ta dudc t =

il

3
ab+bc+ca=—§,

a®b+b3c+cla=-2

a?b + b*c + c*a + 3abc = —(ab? + bc? + ca?)
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Mot so van dé ve bat dang thitc bac bon ba bién

va
a*b® + b3+ c2a® = (ab + bc + ca)® + 3a*b*c? = —% + 3a?b?c?.
Ta c6 bién d6i
a’b=a’b-a?=a®*b(3—b%—c?)=3a®b—a®b®—a’bc?,
suy ra
a’b +b°c+c’a=3(a®b+b3c+c3a)—(a®b® + b3c® + c3a®) — (ab? + bc? + ca?)abc

2

=3. (_%) — (—g + 3a2b2c2) + (a®b + b?c + c®a + 3abc)abc
2

= —g + abc(a®b + b%c + c%a).

Bai to4n quy vé chiing minh

w

abc(a?b + b%c +c%a) < g

Trong (4.2.1) chon k=3, t = %, ta dudc

3
a’b + b%c + c?a + 3abc| < —. 4.6.1
| <5 (4.6.1)

Ap dung b4t dang thitc AM-GM, ta c6

abc(a®b + b%c +c?a) = = - 3abc - (a®b + b%c + c?a)

N

(Babc +a’b + b +c2a)2
2

O|lW Wl WK

N

2 ’ 2 . \ 2 . 27‘[ 1371: 771: o
bang thtc xay ra khi va chi khi (a, b,c) = (\/Ecos 35 V2 cos 5 V2 cos ?), hoac
27 137 7T , L.

(a,b,c) = (—ﬁcos o> —+/2cos 5 —+/2cos ?) cling cac hoan vi.

Bai toan dudc chitng minh. O
Nhan xét. Chic han ban doc sé thic mic tai sao ta lai chon k = 3 d€ c6 danh gia (4.6.1). Ta c6 thé
1y giai diéu nay nhu sau:

1

DOt:E,

nén tu (4.2.1) ta dugc

1l k2 —3k+
{azb + b?%c +c%a +kabc| < T9

Ap dung bét ding thiic AM-GM ta c6

abc(a?b + b?c +c2a) <

1
E’ . |kabc -(a®b + b?c +c2a)|

< 1 kabc + a?b + b%c + c2a 2
K 2
2 _
<k 3k+9
8 |k|
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Mot so van dé ve bat dang thitc bac bon ba bién

Nhu vy ta cin tim k sao cho
k*—3k+9=3]k|.

Giai phuong trinh nay ta dugc k = 3.

5. Bai tap rén luyén
B3i 5.1. Cho a, b, ¢ 1a ba s6 thuc khéng 4m sao cho ab + bc + ca > 0. Chiing minh ring

a? b2 c? 2
1< + + < -
2a2+(b+c)? 2b%2+(c+a)? 2c2+(a+b)* 3

Bai 5.2. Chitng minh ring bat ding thitc
7[>+ b2+ +(a+b+c)] > 12[a* + b +c* +(a+b+0)'],
ludn ding v6i moi sb thuc a, b, ¢ thay déi bat ky.
Bai 5.3. Cho a, b, ¢ 1a cac sb thuc khéng 4m.Chiing minh ring
a*+b*+c*—abcla+b+c)= 2\/§|a3b +b3c+ca—ab®—bc® —ca®|.

Bai 5.4. Cho ba sb thuc x, y, z c6 téng bang 3. Chitng minh rang

A(x*+ y* +2M) + 45 > 19(x* + y* + 22).
Bai 5.5. Cho a, b, ¢ 1a d6 dai ba canh ctia tam giac. Chitng minh rang

a*+ b*+c*+9abc(a+ b +c) <10(a?b? + b%c? + c%a?).
B3i 5.6. Cho a, b, ¢ 1a ba sb thuc thdéa man a? + b® + ¢ = 3. Tim gi4 tri 16n nhét cla
P=a*+b*+c*+3(ab+ bc +ca).

B3i 5.7. Cho a, b, ¢ 12 ba sb thuc théa man ab + bc + ca = 3. Tim gia tri nho nhét ctia

F=4(a*+b*+cH +11labc(a+b+0).
Bai 5.8. Tim héng s6 k 16n nhit sao cho bét ding

a*+b*+c* =3+ k(a®+b*+c*+3abc—6),
luén ding véi moi sé thuc duong a, b, ¢ théa min a+ b +c = 3.
Bai 5.9. Chting minh ring v6i moi sb thuc khong 4m a, b, ¢ thi
a*+b*+c*—a*b*— b*c* —c*a* = 2 |a3b +b3c+c*a—ab®*—bc® —ca®|.
Bai 5.10. Cho ba s6 thuc a, 8, y théa man 1+ a+ 8 = 2y. Ching minh ring b4t ding thiic
Za4 + aZ b%c? + ﬂacha > YZ bc(b? +c?),

luén ding v6i moi sé thuc a, b, ¢ khi va chi khi 1+ a > y2.
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