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1. Loi n6i dau

Trudc hét xin nhac lai co sé cia phwong phap S-S (S.0.S-Schur). Nhw chting ta
da biét, d& chitng minh mot bai toan bat dang thic ba biéh dang ddi xing
hoéc hoan vi bang phuwong phap S-S thi viéc lam dau tién la dwa n6 vé dang
chuan tac nhw sau

M(a—b)2 +N(a—c)(b—c)>0.

Chang ta bit dau khai thac gia thiét caa bai toan. PAau tién la ta sé co
(a—b)z >0. Néu bat ding thic da cho ¢ dang ddi xieng thi ta sé sap xép thi
tw cac biéh, chiang han nhw ta sé sip xép a>b>c, con néu bat diang thic c6
dang hoan vi thi ta sé chon phan tix cec han (chon phan tir nhé nhat hoac Ion
nhat) vi du ta s& chon ¢ =min{a,b,c} hoic la ¢ =max{a,b,c} dé suy ra duoc
(b—c)(a—c)>0. Vivay, trong S-S cong viéc ctia ta la phai ching minh duoc
M,N déu la cac dai lwong khéng &m. C6 nhiing treong hop cong viéc nay sé

rat don gian hién nhién nhung cting doi khi lai rat hoc bua.

Viy tudng cta S-S xuat phat tir bat dang thic Shur va S.0.S nén S-S to ra rat
hiéu qua trong viéc chitng minh céc bat dang thic ¢6 dang Shur nhu sau

F(a,b,c)abc > P(a,b,c)(a+b—c)(b+c—a)(c+a—b), (P(a,b,c)z F(a,b,c))

ma néu nhu ta st dung cac phuwong phap cé thé dai dong va kha phtec tap.
Trong bai viét nho ndy chdng ta sé st dung mot s6 phan tich co so sau dé
chirng minh céc bai toan vi du dién hinh

abc—(a+b—c)(b+c—a)(c+a—b):(a—b)z(a+b—c)+c(a—c)(b—c)
a’ +b’ +c2—ab—bc—ca:(a—b)z+(a—c)(b—c)
ab(a+b)+bc(b+c)+ca(c+a>—6abczzc(a—b)2 +(a+b)(a—c)(b—c)
a‘°’+b3+c3—3abc:(a+b+c)(a—b)2 +(a+b+c)(a—c)(b—c).

Ngoai ra con cé mot s cac phan tich khac ma cac ban c6 thé ty minh phat
trién thém.
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2. Cac bai toan ap dung

Bai toan 1. Véi a,b,c 1a ba so'thuec dirong. Chirng minh rang
abc(ab+bc+ca)2(a2 +b? +c2)(a+b—c)(b+c—a)(c+a—b).
(Old and New Inequalities, Volume 1)

Loi Giai. Bat dang thiic nay tirng xuat hién trong quyén sach Old and New
Inequalities Vol 1 cia mot nhoém cac chuyén gia bat dang thice Vasile Cirtoaje,
Titu Andresscu, Micrea Lascu,...Loi giai trong quyén sach nay la quy bai toan
vé ching minh mét bat dang thic hinh hoc. O day, chang t6i xin duoc gidi
thiéu véi cac ban mot Ioi giai bang phuirong phép S-S khé don gian.

Khéng mat tinh tong quét cua bai toan, ta c6 thé gia st a>b>c. Bat ding
thiec trén duoc viét lai nhu sau

(a® +17 +¢?) abc —(a+b—c)(b+c—a)(c +a—b)| > abc(a® + b +c* —ab—bc—ca),
42 fa ) - ofa—o] (b > aeffa—bf" + s
M(e-5) + N{a-c)lb-c)0,

trong do
M =(a’ +b’ +¢*)(a+b—c)
N = (a* +b” +¢*)c —abe.
Ta can chiing minh duoc M, N I cac s8 khang am. That vay, ta c6

M :(a2+b2+cz)(a+b—c)2a2-a—abc:a(az—bc)zo

N :(a2 +b? +c2)c—abc c[(a2 —ab+b2)+cz}20.

Chtng minh hoan tat, dang thitc xay ra khi va chi khi a=b=c. O

Nhan Xét. Ta c6 bai toan tong quat caa bai toan trén la
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Tim sd thuc K 16n nhat sao bat ding thuc

k
ADHC oy ¢)(brc—a)(ctab).

abc >
ab+bc +ca

ludn ding véi moi s6 thyee dwong a,b,¢ thy y.

Bai todn 2. Néu a,b,c la cac so'thuwe duwong, thi
4ah’c? 2(a3 +b%+¢? +abc)(a+b—c)(b+c—a)(c+a—b).

Loi Giai. Bat dang thic nay tirng xuat hién trén dién dan bat diang thac Viét
Nam VIMF véi Ioi giai bang S.0.S rat kha dai va phtc tap. Nam 2009 trong
guyén sach Inequalities with Beautiful Solution cac tac gia V6 Qudc Ba Can,
Tran Qudc Anh, Vasile Cirtoaje d&@ dwa ra mot cach st dung bat dang thuc
AM-GM kha doc ddo. O day véi S-S ta c6 mot Ioi giai kha don gian nhu sau.

PAu tién, ta ki hiéu

> a®=a’+b’+c’
[[(a+b—c)=(a+b—c)(b+c—a)(c+a—b),

va gia st a>b > c.Bat dang thic trén c6 thé viét lai nhu sau
(Za3 + abc)[abc —TJ(a+b- c)] > abc(a3 +b*+c*— 3abc) ,
(Ea3 +abc)[(a—b)z(a+b—c)+c(a—c)(b—c)} zabc(Za)[(a—b)2 +(a—c)(b—c)},
M(a—b)2 + N(a—c)(b—c)zo,
trong do

M :(a3+b3+c3+abc)(a+b—c)—abc(a+b+c)
N :(a3+b3+c3+abc)c—abc(a+b+c).

Ta sé chiing minh dwgc M, N déu la cac s6 khong am. Ta céd
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M :(a3+b3+c3+abc)(a+b—c)—abc(a+b+c)
:(a3+b3+c3)(a+b—c)—2abc-c
> 3abc-a—2abc-c
= abc(3a—2¢)>0.

N :(a3+b3+c3+abc)c—abc(a+b+c)
:c[a3+b3+c3+abc—ab(a+b+c)]

c[a3 +b? —ab(a+b)]

c(a—b)z(a+b) > 0.

Vay ta c6 diéu phai chitng minh. Dang thiic xay ra khi a=b=c. O

Bai toan 3. Cho a,b,c 1a céc so'thyec dwong. Chitng minh bit ding thirc
8a’h’c’ > (a+b)(b+c)(c+a)(a+b—c)(b+c—a)c+a—bh).
(Nguyén Van Huyén)

Loi Giai. Ki hiéu
[T(a+b)=(a+b)(b+c)(c+a).
Ta viét bat dang thuc lai thanh
[ 1(a+b)|abc—(a+b—c)(b+c—a)(c+a—b)|>abe|[J(a+b)—8abe|,
H(a+b)[(a—b)z(a+b—c)+c(a—c)(b—c)} > abc[Zc(a—b)2 +(a+b)(a—c)(b—c)},
M(a—b)2 +N(a—c)(b—c)>0,

M= (a+b)(b+c)(c+a)a+b—c)—2abc-c
N = (a+b)(b+c)(c+a)jc—abc(a+b).

Mat khac, ta lai c6
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M= (a+b)(b+c)(c+a)a+b—c)—2abc-c
28abc-a—2abc-c:abc(8a—2c)20.

va
N =(a+b)(b+c)(c+a)jc—abc(a+b)
:c(a+b)[(b+c)(c+a)—ab]
>c(a+b)(b-a—ab)=0.
Vay bai toan dwoc chitng minh xong. l

Bai toan 4. Chizng minh rang néu a,b,c 1a d¢ dai ba canh ciza mét tam giéc, thi
(a+b)(b+c)(c+a)+(at+b—c)(b+c—a)(c+a—b)>9abc
(Cosmin Pohoata Virgil Nicula, Math. Reflections)

Loi Giai. Khong mat tinh tong quat, gia ste ¢ = max{a,b,c}. Ta viét bat ding

thire lai nhu
(a+b)(b+c)(c+a)—8abc >abc—(a+b—c)(b+c—a)(c+a—bh),
ab(a-+b)+bc(b+c)+ca(c+a)—6abe >abc—(a+b—c)(b+c—a)(c+a—bh),
20(a—b) +(a-+b)(a—c)(b-0) (a-b] (a+b—c) +cla—c)(o—c),
(a-b)'(36—a-b)-+(a+b-c)(a—c)(b-c)20

Bat dang thtc trén dung theo gia thiét cua ¢ va gia thiét a,b,c la d6 dai ba

canh ctia mot tam giac, tirc ta c6 diéu phai chitng minh. O]

Bai toan 5. Chizng minh rang véi moi s6'duwong a,b,C ta luén c6
abc(a+b+c)2 23(a2 +b? +cz)(a+b—c)(b+c—a)(c+a—b).
(Nguyén Van Huyén)
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Loi Giai. Gia str ¢ =min{a,b,c}. Bat ddng thiic trén dwoc viét lai nhu sau

B(a2 +b? +c2)[abc ~[](a+ b—c)]z abc[(%(a2 +b? +cz)—(a+ b+c)2},

3(a2 +b? +cz)[(a— b)z(a+b—c)+c(a—c)(b—c)} > 2abc[(a— b)2 +c(a—c)(b—c)},

M(a—b)2 +N(a—c)(b—c)>0,

VoI
M = 3(a2 +b? +c2)(a+b—c)—2abc
N = 3(a2 +b? +c2)c—2abc.
Ta co
M = S(a2 +b? +c2)(a+b—c)—2abc
>3a%.a— 2abc = a(3a2 - 2bc) > 0.
N = S(a2 +b? +c2)c—2abc
>3a%.¢c—2abc = C(Sa2 — 2bc) >0.
Vay ta cé diéu phai chitng minh. H

Bai toan 6. Cho a,b,C 1a cac so'thure dwong va dit
E(a,b,c)=a(a—b)(a—c)+b(b—c)(b—a)+c(c—a)(c—b).
Chi¢ng minh rang
1 1 1

Z[E+B+E]E(a,b,c)z(a—b)2+(b—c)2+(c—a)2.

(Vasisle Cirtoaje, Algebraic Inequalities)

- -

E(a,b,c)=abc—(a+b—c)(b+c—a)(c+a—b),

Nén bat dang thic twong duwong voi

nguyenhuyen_@yahoo.com Page 7




The Simple Solution Is The Best Solution Nguyenhuyen_AG

[éqtéqt%][abc—(aqtb—c)(b+c—a)(c+a—b)]za2 +b%+c?—ab—bc—ca,

ab+bc+ca

2022 (a5 (4] ofa—)fb— )| > a5 + (a-c)(b0),

M(a—b)2 +N(a—c)(b—c)>0,

VoI
M = (ab-+bc+ca)(a-+b—c)—abc
N :(ab+bc+ca)c—abc.
Tacd
M :(ab+bc+ca)(a+b—c)—abc
>bc-a—abc=0
N = (ab+bc +ca)c—abc
=c?(a+b)>0.
Vay ta c6 diéu phai chizng minh. U

Dé két thuc bai viét nay xin gisi thieéu mot so bai toan twong tu dé€ cac ban tw
luyén.
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3. Bai tap tuwong tu
Bai toan 6. Vdi a,b,c 1a céc s8 thuc duong. Ching minh ring
27a%0%? > (a+b+c) (a+b—c)(b+c—a)(c+a—h).
Bai todn 7. Néu a,b,c 1a cac so thue duong, thi
9a’b’c? 2(a+b+c)(a"- +b? +c2)(a+b—c)(b+c—a)(c+a—b).
(Nguyén Van Huyén)
Bai toan 8. Chng minh ring véi moi s& thuc dwong a,b,¢ ta ludn c6
abc(a+b+c)(a’ +b° +¢*)>3(a’ +b°+¢*)(a+b—c)(b+c—a)(c+a—b).
(Nguyén Van Huyén)
Bai toan 9. Cho a,b,C Ia cé4c s6 thyc duwong va dat
C(auhc) afab){a—c] - bb—o)(o—a) (e —a)(c-b),
Chitng minh rang
(a5 )E(a.bc)> b(a—bf +bo(o—cf +alo—a'
(Vasile Cirtoaje, Algebraic Inequalities)

Ngoai ra cac ban c6 thé tw minh sang tao ra cac bai toan mai bang cach ghép
nguoc chidu cac bat dang thikc khac véi bat dang thiee Schur theo dang

F(a,b,c)abc > P(a,b,c)(a+b—c)(b+c—a)(c+a—b),

va sau d6 kiém tra né bang S-S, chic han rang cac ban sé tim dwoc riéng cho
minh nhiing bai todn hay va doc ddo. Chuc cac ban thanh cong.
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